In this paper we prove that the commutators generated by the fractional p-adic Hardy operators and the central BMO function are bounded on weighted homogeneous Herz spaces. MSC: 11E95; 11K70; 42B99
Introduction
In recent years, p-adic fields have been introduced into some aspects of mathematical physics. There are a lot of articles where different applications of the p-adic analysis in the string theory, quantum mechanics, stochastics, the theory of dynamical systems, cognitive sciences, and psychology are studied [-] (see also the references therein). As a consequence, new mathematical problems have emerged, among them, the study of harmonic analysis on a p-adic field has been drawing more and more concern (cf. [-] and the references therein).
For a prime number p, let Q n p be the field of p-adic numbers. It is defined as the completion of the field of rational numbers Q with respect to the non-Archimedean p-adic norm | · | p . This norm is defined as follows: || p = . If any non-zero rational number x is represented as x = p γ m n , where m and n are integers which are not divisible by p, and γ is an integer, then |x| p = p -γ . It is not difficult to show that the norm satisfies the following properties:
It follows from the second property that when |x| p = |y| p , then |x + y| p = max{|x| p , |y| p }.
From the standard p-adic analysis []
, we see that any non-zero p-adic number x ∈ Q p can be uniquely represented in the canonical series
where a j are integers,  ≤ a j ≤ p -, a  = . The series (.) converges in the p-adic norm because
The space Q n p consists of points x = (x  , x  , . . . , x n ), where
Denote by
the ball with center at a ∈ Q n p and radius p γ , and
Since Q n p is a locally compact commutative group under addition, it follows from the standard analysis that there exists a Haar measure dx on Q n p , which is unique up to a positive constant multiple and is translation invariant. We normalize the measure dx by the equality
where |E| H denotes the Haar measure of a measurable subset E of Q n p . By simple calculation, we can obtain that
for any a ∈ Q n p . For a more complete introduction to the p-adic field, see [] or [] . The classical Hardy operators are defined by
for a non-negative integrable function f on R + . Obviously, H and H * satisfy
The well-known Hardy integral inequality [] tells us that for  < q < ∞,
where the constant- is the best possible. The generalized result [] is that
and 
where B(, |x| p ) is a ball in Q n p with center at  ∈ Q n p and radius |x| p .
The fractional p-adic Hardy operators are defined by
where B(, |x| p ) is the ball as in Definition ..
It is clear that when
β = , then H p β becomes H p . Definition . Let b ∈ L loc (Q n p ),  ≤ β < n.
The commutators of fractional p-adic Hardy operators are defined by
In [-], the CMO spaces (central BMO spaces) on R n have been introduced and studied. CMO spaces bear a simple relationship with BMO: g ∈ BMO precisely when g and all of its translates belong to BMO spaces uniformly a.e. Many precise analogies exist between CMO spaces and BMO spaces from the point of view of real Hardy spaces. Similarly, we define the CMO q spaces on Q n p .
where
with the usual modifications made when q = ∞ or r = ∞.
Motivated by [], we get the following operator boundedness results. Throughout this paper, we use C to denote different positive constants which are independent of the essential variables.
When α = , q j = r j , j = , , we can get the following result.
When β = , we can get the boundedness of a p-adic Hardy operator in [] .
By the similar proof of Theorem ., we can obtain the following result.
Boundedness of commutators of fractional p-adic Hardy operator
In order to prove Theorem ., we firstly give the following lemmas.
Lemma . Suppose that b is a CMO function and 
Proof For any b ∈ CMO r (Q n p ), by Hölder's inequality, we have 
For j, k ∈ Z, without loss of generality, we can assume that j ≤ k, by (.), we get
The lemma is proved.
Proof of Theorem
Now let us estimate I and II, respectively. For I, by Hölder's inequality (
For II, by Lemma ., we get
For II  and II  , by Hölder's inequality, we obtain
Then the above inequalities together with Lemma . imply that
, we have
For the case q  > , by Hölder's inequality, we have .
For the case q  > , by Hölder's inequality, we have
.
Then the above inequalities imply (.). Theorem . is proved.
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